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ABSTRACT

In this paper we present results on single channel blind source sep-
aration based on a shift-invariant sparse coding model [1], [2] and
[3]. This model learns a set of time-domain features from a sin-
gle observation of the mixed signals. The found features can often
be associated with a single source and can therefore be used to
reconstruct the individual source signals. This is shown in this
paper on two real world examples, the separation of fetal and ma-
ternal heartbeats from a single ECG recording and the separation
of singing and accompanying guitar from a musical recording. In
the first problem we learn two features, one representing the fetal
heartbeat and one representing the maternal heartbeat. In the sec-
ond example we learn a much larger set to model the more com-
plex source signals and therefore introduce a clustering method to
associate the different features with each of the sources.

1. INTRODUCTION

Single channel source separation is a difficult problem. The sep-
aration of different sources from a single channel observation re-
quires the specification of source models. Often we are not able
to exactly specify all model parameters a priori and are only able
to specify a class of models. In this paper we address the problem
of single channel source separation based on linear additive obser-
vation models. We assume that each source can be represented by
a linear mixture of a set of time-domain features (possibly by a
single feature) and that the observation is a linear mixture of the
source signals. The source model can be written mathematically
as:

xi =
X

k∈Ki

aksk,i,

where xi is the ith source signal, Ki is the set of indices of those
features ak associated with the ith source and sk,i is the scalar
coefficient that determines how much feature ak contributes to the
source signal. The observation is modelled as a linear mixture of
the sources:

x =
X

i

xi + ε =
X

i

X
k∈Ki

aksk,i + ε,

where ε is a vector of i.i.d. Gaussian noise.
For time-series, features can generally occur at arbitrary time

location. If we define ak = ak,0 to be the feature starting at the
beginning of the observation block x, then we can denote a shifted
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feature by ak,l. For nonnegative values of l the feature starts at
a later sample in the observation block x while for negative l the
feature starts before the current observation block x. i.e. if we
use ak,p to denote the pth sample of feature ak, the feature only
contributes to the current observation with the samples for which
p > −l. With this notation the shift-invariant linear source model
becomes:

xi =
X

k∈Ki

X
l∈L

ak,lsk,l,i,

where L is the set of all possible feature shifts. The observation
model is then:

x =
X

i

xi + ε =
X

i

X
k∈Ki

X
l∈L

ak,lsk,l,i + ε, (1)

or, written more compactly in matrix notation, x = As + ε.

For the general single channel blind source separation prob-
lem, both the set of features {ak} as well as the associated co-
efficients sk,l,i are unknown. Furthermore, we do not know the
sets Ki required to assign the features to each source 1. The first
problem is to learn or adapt the features ak for a given set of obser-
vations. Once a set of features has been found, the second problem
is to decompose the observation into a linear combination of those
features, i.e. to estimate the coefficients sk,l,i. Thirdly, if each
source is represented by more than a single feature, the learned
features need to be clustered into groups, i.e. we need to find the
sets Ki. In the next three sections we discuss possible solutions to
these three problems before we present some experimental results
in section 5.

2. LEARNING THE MODEL PARAMETERS

For a feature ak of length L and an observation x ∈ R
N , the set L

contains N +L−1 indices. In particular L = {−(L−1),−(L−
2), · · · ,−1, 0, 1, · · · , N − 1}. If we label the number of different
features by K = | ∪i Ki|, then the number of terms in the sum-
mations in equation (1) is K(N + L − 1). This means that the
model is overcomplete. In order to find unique solutions for over-
complete systems, additional constraints are required. Two very
strong constraints have been proposed to solve such overcomplete
systems, the constraints of sparsity and non-negativity of the coef-
ficients sk,l,i.

1Generally, the number of sources is also unknown, but in this paper
we do not deal with methods to estimate the number of sources.



2.1. Bayesian formulation

In order to solve the three problems stated above and to incorporate
the sparseness and non-negativity constraints, we take a Bayesian
approach. In the above model we have already specified the noise
model p(ε) ∼ N (0, σεI). This defines the Gaussian likelihood
p(x|A, s) ∼ N (As, σεI). Sparsity of the coefficients s can now
be enforced by introducing the factorial prior p(s) =

Q
p(sk,l,i),

with p(sk,l,i) being a distribution with much of its probability
mass concentrated at or around zero. If we require the coefficients
sk,l,i to be non-negative, we can simply restrict these distributions
to non-negative values and change the normalising constant appro-
priately. Different prior formulations are possible (see for example
[4], [5], [6] and [3]), with certain classes of priors requiring differ-
ent learning algorithms.

2.2. The learning problem

In order to learn the features ak we can maximise the marginal
posterior p(A|{x}), i.e. we can find the maximum of the posterior
for the set of all available observations {x}. If we assume a rel-
atively flat prior p(A) we can instead maximise the marginalised
likelihood

p({x}|A) ∝
Z

p(x|A, s)p(s) ds.

Unfortunately, for the priors p(s) of interest, this integral cannot
be maximised analytically and approximations are required. One
approach to maximise the marginalised likelihood can be based on
a stochastic gradient descent optimisation strategy, which in each
iteration requires the approximation of the following gradient (see
[7] and [3] for the derivation):

∆ak,p = σ−1
ε

Z X
m

εmsk,p−mp(s|Â,x) ds,

where ak,p is again the pth element of feature ak.
Different methods have been proposed to approximate the above

gradient; approximation of p(s|x,A) by a delta function [8] or
a Gaussian [9], by importance sampling Monte Carlo [10] or by
Gibbs sampling Monte Carlo [11].

3. FINDING THE SPARSE REPRESENTATION

In each iteration of the stochastic gradient procedure we need to
either find the MAP estimate of p(s|x,A) or draw samples from
p(s|x,A). Furthermore, once the features have converged, it is
generally required to calculate an estimate of the coefficients sk,l,i.
Again, different strategies are possible, gradient descent [9], an-
nealing [11] or other sample based estimates such as sample mean
and sample mode. As these approaches are discussed in detail in
the cited references, they are not further explained here.

The use of the index i as a subscript of sk,l,i in equation (1) al-
lows for the same feature ak,l to contribute to different sources xi

with different strengths. However, the methods mentioned above
only determine the strength with which each feature contributes to
the observed mixture and are not able to distinguish between indi-
vidual sources. The clustering method proposed in the next section
on the other hand uses global information to assign all occurrences
of a feature to a single source independently from the local context
in which this feature occurs. We therefore assume that each feature
contributes only to a single source, i.e. we assume ∩iKi = Ø.

4. CLUSTERING

To determine the sets Ki, that is the sets of indices of the features
for each source, we propose the use of clustering based on two
features, one based on structure in the coefficients s not exploited
in the shift-invariant sparse coding model and one based on the
harmonic structure in the features ak.

The first feature is an approximation of the probability of oc-
currence of a certain feature during a time interval:

pt(k̃, i) = p(l ∈ [li, li+1 − 1] : skl �= 0, k = k̃),

which we approximate as:

pt(k̃, i) ≈ 1P
i

P
l∈[li,li+1−1] |sk̃l|

X
l∈[li,li+1−1]

|sk̃l|.

Here we not only count the number of coefficients s but also take
their strength into account, which can be justified by thinking of
stronger coefficients as a summation of smaller ‘quantum’ coeffi-
cients.

The second feature can be thought of as a probability distribu-
tion of the frequencies in a feature with a logarithmically spaced
frequency partitioning:

pf (k̃, i) ∝
X

l∈[2i,2i+1−1]

|ãk̃(l)|2, (2)

where ãk̃ is the Fourier transform of feature ak̃.
Clustering can then be performed using K-means clustering

with the symmetric Kullback-Leiber divergence. A more detailed
description of this method can be found in [3].

5. EXPERIMENTAL EVALUATION

5.1. Fetal ECG

In medical diagnostics of cardiac conditions two important charac-
teristics are the rate of the heartbeat and the different properties of
the PQRST complex such as the T/QRS ratio [12]. Currently there
are no non-invasive techniques available for prenatal diagnostics
of fetal heartbeats that directly display these properties. Instead
recordings can be taken from the maternal abdomen, but in these
recordings the maternal heartbeat is much stronger than the fetal
one and the signal to noise ratio is often poor. An example of one
such recording is shown in the top left plot of figure 1. Recently
ICA techniques have been used to separate the fetal and the mater-
nal heartbeats by using recordings with several sensors [13] [14].

If we assume that each PQRST complex can be characterised
by a single time-domain feature, then the shift-invariant sparse
coding model can be used to learn these features for the PQRST
complexes of the maternal and the fetal heartbeat respectively. The
coefficients s do then directly encode the heart rates. Furthermore
a separation of the fetal and the maternal heartbeats is then possi-
ble.

To show this we used the data-set from [13] of multi-sensor
recordings, but used the data from the first sensor only. From this
data we learned two features of a length of 0.2 seconds with the
algorithm as described in [6], which assumes that the probability
of the strength of each heartbeat follows a modified Rayleigh dis-
tribution and therefore forces the coefficients s to be non-negative.

The results of this experiment are shown in figure 1. The pan-
els on the left show from top to bottom: the original signal used
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Fig. 1. Separation of fetal and maternal heartbeat. On the left we show the original single channel recording, in which the fetal heartbeat
is much weaker than the maternal one and in which the SNR is low (top), the separated maternal heartbeat signal (second panel), the heart
rate (third panel), the separated fetal heartbeat (fourth panel), the fetal heart rate (fifth panel) and the residual noise (last panel). On the
right we show the maternal PQRST complex (top) and the fetal PQRST complex (bottom).

for training, the reconstruction of the maternal heartbeat, the coef-
ficients s associated with the maternal heartbeat, which encode the
maternal heart rate, the fetal heartbeat, the coefficients s associ-
ated with the fetal heartbeat, which encode the fetal heart rate and

finally the residual noise term. On the right of figure 1 we show
the PQRST complexes of the maternal (top) and the fetal (bottom)
heart. From these results important diagnostic features such as the
fetal heart rate or the fetal T/QRS ratio can be easily determined.



Table 1. Comparison between the features for clustering.
pf pt [pt, pf ] Oracle

SIR vocal 11.5 12.6 11.8 15.2

SIR guitar 4.7 9 9.9 7.6

SAR vocal -0.2 3 3.2 2.6

SAR guitar 3.7 3.3 3 4.0

SDR vocal -0.8 2.3 2.4 2.3

SDR guitar 0.4 1.8 1.8 1.9

5.2. Music

For the ECG example of the previous experiment, each source was
represented by a single feature so that source separation could be
performed by using a single feature at a time. For more complex
signals, more features are required to accurately describe a single
source. In this case, a method is required to cluster the features.
Such a clustering method was presented above. Here we present an
experimental evaluation of this methods for single channel source
separation. More details on the clustering method and the reported
experiment can be found in [3].

As a test signal we recorded a guitar and vocal performance
of the same musical piece. These signals were down-sampled to
8000 Hz and mixed linearly. The resulting mixture was used to
learn a set of 500 features of 256 samples each. The exact training
algorithm is described in [3]. After 500 000 iterations, 126 of the
features had converged to harmonic features. The other features
had not been updated significantly and were discarded.

After clustering, the sources can again be reconstructed by us-
ing only the features from each cluster. To evaluate the perfor-
mance we use the signal to interference ratio SIR, the signal to
artefact ratio SAR and the signal to distortion ratio SDR defined
in [15]. The results for clustering based on the two features are
shown in table 1, in which we give the results for clustering based
on each of the features as well as on clustering based on the com-
bination of both features. In addition, in the last column we show
the results based on an oracle clustering method, in which features
were assigned to the source for which this feature occurred most
often in the decomposition of the individual sources [3].

6. CONCLUSION

In this paper we have proposed the use of a shift-invariant sparse
coding model for single channel source separation. Three prob-
lems had to be addressed, learning of model parameters, inference
of the model states for each observation and clustering of features
into sources. We have presented a short review of previous work
regarding the first two problems before proposing a novel solution
to the third problem. The experimental section gave two practi-
cal examples. In the first example we have shown that the shift-
invariant sparse coding model can successfully separate maternal
and fetal heartbeats. For this problem we only used a single fea-
ture to model each source and did therefore not require clustering.
In the second experiment we separated the vocal and guitar parts
of a music recording. This example was based on source models
that used several feature and we found that the proposed cluster-
ing method produced results that were close to the results obtained
with an oracle clustering approach.
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